Abstract: Tunable diode laser spectroscopy combined with wavelength modulation spectroscopy (WMS) is an important technique for noninvasive measurements of gas parameters such as pressure, concentration, and temperature in high-noise harsh environments. A variety of laser types are used for these applications, and the modulation characteristics can have significant effects on line shape recovery. Here, we identify important characteristics of distributed feedback (DFB) lasers that need to be taken into account in the context of WMS and illustrate the effects with a 2-m wavelength multiquantum-well DFB laser used for CO 2 detection. The modulation response of the laser is measured, and we demonstrate how the phasor decomposition method (PDM) may be used to obtain accurate line shapes from the first harmonic WMS signals by correcting for phase variation across the laser's low-frequency current sweep. We also demonstrate how the PDM approach can be improved by removing the need to preset the orientation of the lock-in axis to isolate the residual amplitude modulation component, making it more suitable for field applications.
Introduction
Tunable diode laser spectroscopy (TDLS) is a powerful tool for the measurement of gas parameters such as concentration, pressure, and temperature in a wide variety of environments [1] - [8] . In the simplest case of direct TDLS, the laser wavelength is scanned across an absorption feature, by applying a saw-tooth current ramp to the diode, and the obtained signal is normalized with a no-gas signal or a non-absorbing baseline to provide an absorption line shape. The gas properties are then calculated using a least square fit of the experimental absorption line shape to a physical spectroscopic line shape model. It is not possible to obtain all three unknowns, i.e., concentration, temperature and pressure, from the least-squares fitting algorithm, as there are only two variables, line shape depth, and width. Therefore, either one of the three gas parameters must be known in advance or another methodology used. For example, ratio thermometry [1] uses the ratio of the peaks of two absorption lines with different lower state energies, or the ratio of their integrated areas, to determine temperature.
Although direct spectroscopy is a simple process, it has limitations in harsh environments, such as measurements of aero engine exhaust plumes [8] , where extraneous noise often completely obscures the absorption feature. In this case, phase sensitive detection techniques, such as wavelength modulation spectroscopy (WMS), are commonly used. In WMS an additional high frequency sinusoidal current modulation is applied to the laser producing an intensity modulation (IM) and a time delayed wavelength modulation (WM). The detected signal is fed into a lock-in-amplifier, which then outputs a selected harmonic signal arising from the interaction of the IM and WM with the gas absorption line shape function.
Extensive theoretical analysis of the harmonic signals generated in WMS has been reported over many years [2] , [9] - [16] . Our own recent work has focused on separating the IM and WM components at the first harmonic, allowing calibration-free recovery of absolute absorption line shapes, using a no-gas background or a non-absorbing baseline for normalization that is proportional to the IM output from the laser [3] , [4] , [17] - [21] . Fluctuations in optical transmission can make it difficult to normalize the line shape, due to the variation of IM between the gas and no-gas measurements. Fernholz et al. [9] proposed a digital fast scanning WMS detection technique by which the fast intensity fluctuations could be cancelled by averaging a high frequency current scan (1 kHz) and a higher frequency modulation of 300 kHz, followed by demodulation. The cancellation of the low frequency intensity fluctuations is achieved by dividing the second harmonic signal with the first harmonic signal. This method was further developed by Rieker et al. [2] .
The harmonic signals discussed above depend critically on the absolute magnitudes of the intensity and wavelength modulation produced at the DFB laser source and their relative magnitude and phase, often described in the literature as the Chirp-to-Power Ratio (CPR). In turn, the CPR depends on the electronic, optical, and thermal characteristics of the DFB and is affected by several modulation parameters, including the current modulation amplitude, modulation frequency and the DC bias current. The modulation properties of DFB lasers have been extensively studied in the literature but usually within the context of understanding or reducing the CPR for high performance fiber optic communication networks [22] , [23] . For WMS applications, experimental measurement of the magnitude and phase lag of the wavelength modulation as a function of the modulation frequency has been reported for several specific lasers including a 2 m DFB laser [24] , 0.763 -2.3 m VCSELs [25] and a 3 m interband cascade laser [26] .
In practice, a wide variety of lasers sources are used for WMS with differing characteristics and it is important not only to choose suitable modulation parameters specific to the source but also to correct the harmonic signals where necessary for variation of these parameters. It is the purpose of this paper to identify the important modulation issues specifically for WMS applications and the effect of the modulation parameters on the implementation of WMS spectroscopy, so as to allow accurate recovery of line shapes and gas parameters from the harmonic signals. Rather than detailed numerical analysis of the modulation characteristics of individual lasers, we use simple analytical models where possible in order to identify the key issues.
We experimentally illustrate the effect of variation in the laser modulation parameters, in particular the walk-off of the WM-IM phase separation across the current scan, for the case of CO 2 detection with a 2 m quantum well DFB laser. The importance of this phase walk-off correction is highlighted in measurements of two nearby absorption spectral features of CO 2 that can be used for ratio thermometry measurements. The use of a single source for ratio thermometry is advantageous due to the reduction in drive and collection electronics, and the use of two nearby transitions is preferred in ratio-thermometry due to the similar dependence of their spectral parameters on pressure and concentration [1] , [2] , 5]. However, using a single laser requires a much larger current scan, thus increasing the overall phase walk-off, leading to significant measurement error. It will be shown that the phasor decomposition method (PDM) [18] can be used to recover the two nearby absorption features only if the phase walk-off is accounted for in the line shape recovery signal processing.
We also improve on the PDM technique to render the measurement process independent of the orientation of the lock-in axes. This is of great benefit when WMS detection is combined with optical tomography [8] , where multiple measurement paths are used and the alignment of the LIA phase for each path would be overly time-consuming.
Modulation Properties of DFB Lasers
Current modulation of DFB lasers gives rise to wavelength modulation as a result of the combination of carrier density modulation and thermal modulation. In this section the contributory carrier density and thermal effects to this wavelength modulation are discussed. Typically, the modulation amplitudes are quoted in the frequency domain and this nomenclature has been adopted in this paper. However, to avoid confusion between WMS and frequency modulation spectroscopy (FMS) the discussion will be in terms of the wavelength modulation (WM) rather than the frequency modulation (FM), where these two effects differ in phase by 180°.
Carrier Density Modulation
Carrier density modulation results in modulation of the refractive index and hence the output laser wavelength. Several factors are responsible for the carrier density modulation including relaxation oscillation, spectral and spatial hole-burning and the coupling of spontaneous emission to the lasing mode [22] , [27] - [34] . Relaxation oscillation effects only become significant near the relaxation oscillation frequency which is normally much higher than the typical frequencies used in WMS. Similarly, the contribution from spontaneous emission is only significant near threshold and can usually be neglected for WMS applications. The spectral hole burning contribution is typically independent of modulation frequency, FM magnitude of ∼60 MHz/mA, with the wavelength modulation 180°out of phase with the current modulation. Spatial hole burning effects are more complex and may in some cases be dependent on the bias current. Typical hole-burning effects produce a FM magnitude of ∼20-40 MHz/mA.
Thermal Modulation
Because of the relatively low frequencies employed, thermal modulation plays a very important role in most WMS systems. The temperature modulation within a laser diode can be numerically computed from the heat conduction equation and detailed studies have been performed by a number of authors [35] - [43] . However, to elucidate important features for WMS, we outline the commonly used analytical RC thermal model in the Appendix, and from this, we can make the following important observations for WMS. 1) As a consequence of joule heating in the chip, we note from equations (A.5) and (A.8) that the magnitude of the thermal contribution to the wavelength modulation increases with bias current and, hence, will increase across a sawtooth current ramp scanning the wavelength through the absorption line. In essence, the same magnitude of modulation current produces a greater heat power variation at higher bias current. The significance of this effect depends critically on the magnitude of the laser's ohmic resistance (which can be measured from the VI characteristics) and may vary for different lasers. Furthermore, since the thermal contribution is vectorially added to the carrier density contribution, there will be a small change in the resultant phase of the wavelength modulation during a wavelength scan by a sawtooth current ramp. 2) As shown by (A.4) and (A.8) in the Appendix, the wavelength scan from a sawtooth ramp has a nonlinear dependence on applied current (and a small offset determined by the amplitude of the modulation current) as a result of the ohmic resistance. 3) As indicated by (A.6) in the Appendix, there is a small wavelength modulation at the second harmonic of the modulation frequency.
On the basis of the RC model, the magnitude of the thermal response diminishes with increasing frequency, according to a first-order filter response of the form, ð1 þ jf m =f c Þ À1 , where f m is the modulation frequency and f c is a thermal cut-off frequency and hence the thermal phase lag of the WM with respect to the IM increases from 0°to a maximum of 90°. However, though widely used [28] - [30] , a number of authors have noted that this simple model, based on a linear temperature distribution from the active layer to the heat sink, fails to explain certain features observed in the WM response of laser diodes. An inverse square root dependence on modulation frequency and departure from a first order type phase response has been noted for a number of lasers [25] , [38] , [39] , [43] . Also, in order to explain experimentally-observed dips in the WM response, an analytical solution was derived from the heat conduction equation by Dilwali [40] for heat generation in the active layer positioned centrally in a three-layer, 1-D model of a laser chip. However, an average temperature over the whole laser chip is used (rather than an average over the optical mode profile) and the constants have to be arbitrarily adjusted to match the DC response. Hangauer [25] has also derived a semi-analytical thermal model specifically for VCSELs in the form of a Fourier transform equation for numerical integration. In this paper (see Appendix) we derive a 1-D analytical solution of the heat conduction equation based on the assumption of uniform temperature in a thin active layer, which reduces to the RC model at low frequencies but gives a better description of the thermal properties than the RC model. We note the following important differences-see (A.23) in the Appendix. There are two cut-off frequencies associated with the substrate and superstrate layers. At high frequencies, the response has inverse square root behavior of the form: 1=ðj f m =f cs Þ 1=2 . As a consequence, the WM thermal phase lag approaches 45°rather than 90°and the high frequency roll-off is slower, which concurs with general experimental observations as noted.
Combined Carrier and Thermal Effects
The total modulation response of DFB lasers results from the phasor combination of the carrier and thermal effects. From the RC model, (A.5) and (A.8) in the Appendix, the magnitude of the optical frequency tuning coefficient (typically in GHz/mA) is
The phase of the frequency modulation relative to the current modulation is ¼ ð þ Þ, where
and is the phase of the WM relative to the current modulation. Here, f is the contribution from the carrier density modulation, and is assumed to be constant, independent of the modulation frequency, with its WM in anti-phase with the modulation current. H 0 is the magnitude of the thermal tuning as ! m ! 0
The various parameters in equation (3) may be determined from measurement of the DC electrical characteristics and from the DC wavelength tuning curve given by
where ¼ ð 2 =cÞ f .
Note from equation (1) that when H 0 > 2 f the magnitude of the tuning coefficient decreases with modulation frequency, whereas when H 0 G 2 f the tuning coefficient actually increases with frequency. For H 0 ¼ 2 f the magnitude of the tuning coefficient is independent of frequency.
For the more advanced thermal model given by (A.23) in the Appendix, the total tuning coefficient (thermal plus carrier) is
where
b are the cut-off frequencies associated with the substrate and top layers, respectively, and x is the thermal diffusivity.
Similarly to the RC model above, the magnitude of the tuning coefficient from equation (5) may either decrease or increase with modulation frequency, depending on the relative magnitudes of the thermal and carrier effects. Furthermore, equation (5) also predicts the presence of a dip in the magnitude response for certain laser parameters.
Line Shape Recovery With WMS

Harmonic Signals from WMS
As discussed in Sections 1 and 2, the higher frequency sinusoidal laser drive current modulation in WMS produces an intensity and wavelength modulation at the laser output. The interaction of the IM and WM with an absorption line results in signals at the harmonics of the modulation frequency, whose amplitude and phase depend on the laser modulation characteristics and the absorption line parameters. In general, for lock-in detection of a harmonic at nf , there are three contributions to the signal with magnitude and phase relative to the intensity modulation as follows [20] : 1) a "derivative" component, ÀAa n IðÞ, at phase of Àn 2) a component, −0.5 Aa nÀ1 ÁIðÞ, at phase of Àðn À 1Þ 3) a component, −0.5 Aa nþ1 ÁIðÞ, at phase of Àðn þ 1Þ where a n are the Fourier coefficients, dependent on the line shape function and the modulation index, m ¼ =, and are the frequency modulation amplitude and absorption halflinewidth, is the phase shift between the FM and the IM, A is the gas absorbance at line centre, and IðÞ and ÁIðÞ are the DC laser intensity and intensity modulation amplitude, respectively.
In this work we are primarily concerned with line shape recovery from the first harmonic signal and the three components in this case are 1) ÀAa 1 IðÞ, at phase of À 2) ÀAa 0 ÁIðÞ, at reference phase of zero 3) À0:5 Aa 2 ÁIðÞ, at phase of À2 plus the background RAM, ÁIðÞ, at reference phase zero. See (7) and (8) for the first harmonic lock-in signal with these components.
As explained in our earlier work [17] - [21] , calibration-free line shape recovery is based on subtracting the derivative component 1) above and using the background RAM to normalize component 2) to yield Aa 0 . For small modulation indices, the a 2 component 3) may be neglected, and the line shape is given directly by a 0 , but for larger indices, a correction factor is necessary [20] . In this paper, we explain how we can deal with phase changes arising from the modulation characteristics of the laser source and introduce an additional feature to render the measurement process with the PDM to be independent of the lock-in phase.
Phasor Decomposition Method
In the PDM, the x -axis of the LIA is aligned in-phase with the background RAM and measurements are taken from both the x -and y -axis. If these two measurements are combined at every point in the scan [20] then the derivative component is eliminated since
which leaves the desired signal after normalization by ÁIðÞ, or alternatively RAM nulling techniques [44] , [45] may be used. Previous application of the PDM assumed to be constant and that it could be calculated from the obtained first harmonic signals. However, as explained in Section 2, this will not be the case if the ohmic resistance of the laser is significant or a large current scan is necessary. In such cases it is necessary to measure either in-situ or prior to carrying out WMS, and apply the varying phase to equation (6) . Unlike other WMS methods, such as nf =1f techniques, which are phase-independent [5] , the PDM as described above requires the lock-in phase to be aligned with the RAM component. This can be inconvenient in practical applications, for example when the PDM is used in conjunction with optical tomography where in excess of 126 optical paths are used [8] , that all require their lock-in phases to be aligned. However, we can also render the PDM independent of the lock-in phase as follows. For an arbitrary orientation, L , of the lock-in x -axis with respect to the RAM, the signals measured on the x -and y -axis are
The processing software then computes the combination
where is iterated from 0 to 180°in intervals of 0.2°. The a 1 component will only be completely removed from equation (9) when ¼ L and this is recognized in the software processing by the least difference between the non-absorbing baseline and the maximum absorption point. At other values of , the addition of contributions from the a 0 and a 1 components in equation (9) results in an increased peak height of the measured signal-see [3] . The software iteration time is ∼0.4 seconds using a MATLAB code that calculated the PDM outputs for all values of in parallel. This process can be optimized for real time applications through improvements to the software coding and the use of a dedicated PC with a high speed processor.
DFB Laser Characterization
The optical source used in this work is a DFB laser from Eblana photonics with a multiple quantum well (MQW) gain region and its structure is detailed in reference [46] . It consists of three 8 nm thick quantum wells and four 15 nm thick barriers sandwiched between two 250 nm thick confinement layers, with a top layer of 2 m thickness and an InP substrate thickness of 120 m. A 3 m width ridge of cavity length 600 m forms the waveguiding region. Using these dimensions, the theoretical thermal resistance, calculated from equation (A.9), is R T % 40 C/W and the theoretical thermal cut-off frequencies of the substrate and top layer in the planar model of (5) 
Measurement of the Tuning Coefficient and WM-IM Phase ( )
The experimental arrangement for measuring the laser WM-IM phase and tuning coefficient is shown in Fig. 1 . The temperature of the laser is controlled by a Thorlabs TED 200 PID temperature controller, and the current is supplied using a Thorlabs LDC 210 and a signal generator via a bias T, used to sum the DC ramp and the high frequency modulation. The output light from the laser passes through a 60:40 fiber coupler, with one output designated as the "measurement arm" and the second output designated as the "wavelength referencing" arm. The measurement arm contains a fiber-coupled collimator with a 2 m central wavelength, used to direct light through a 5.5 cm long optical gas cell and onto an extended InGaAs photodetector (Thorlabs-PDA 10D-EC). The wavelength referencing arm comprises of a fiber ring resonator, with an FSR of 0.124 GHz, connected to another extended InGaAs detector.
A typical fiber ring resonator trace, and corresponding IM signal from the measurement arm, is shown in Fig. 2 for a modulation frequency of 200 kHz and current modulation amplitude of 10 mA, where the gas cell in the measurement path is filled with nitrogen. The oscilloscope sampling rate is 100 MS/s, providing 500 sampling points per sinusoid and ∼20 sampling points between two successive maxima of the interference signal for this current amplitude, which is well above the Nyquist limit.
The amplitude of the frequency modulation, Á, and its phase, FM is obtained by fitting the peaks in the resonator trace, translated to a frequency scale through the FSR, to an equation of the form
where C is a DC offset defined by the allocation of the first resonator peak at a frequency value of zero. The output of the measurement arm provides the intensity output of the laser, which can be fit to an equation of the form
where I is the DC intensity of the laser, ÁI and ÁI 2 are the linear and non-linear IM amplitudes, and IM and IM2 are their phases with respect to the current modulation. The WM phase lag with respect to the current modulation is then given as
and the tuning coefficient is calculated as Á=Ái (GHz/mA), where Ái is the applied current modulation amplitude (mA). Allowance is made for the phase delay of 0.09°caused by the difference in path-length between the wavelength referencing arm and the measurement arm.
Experimental Frequency Response
The measured magnitude of the tuning coefficient of the DFB-MQW laser as a function of modulation frequency is shown in Fig. 3 . For measurements below 100 kHz the bias-T (see Fig. 1 ) is removed and a summing amplifier is used prior to the current controller, which has a low-pass cut-off frequency of 250 kHz.
Compared with DFB lasers used in the optical communications band, the tuning coefficient presents some unusual features. Intuitively, we might expect the tuning coefficient to monotonically decrease with modulation frequency as the thermal contribution reduces. However, we note from the high frequency region of the tuning characteristic in Fig. 3 , where the thermal contribution becomes small, that the carrier contribution has a relatively large magnitude of ∼0.27 GHz/mA. Hence, the condition that 2 f > H 0 , as discussed in relation to the simple RC model of equation (1), is satisfied which predicts an increasing tuning coefficient with modulation frequency. There is also an initial dip in the response which cannot be explained on the basis of the simple RC thermal model. This type of behavior is predicted by the more advanced thermal model of equation (5) where the thermal WM lag increases more slowly with frequency rather than approaching 90°. However it should be noted that the thermal model outlined in the Appendix is based on a simplified planar model and predicts the general trends rather than giving an exact match to the experimental results.
The measured WM-IM phase lag is shown in Fig. 4 for different bias currents. It can be observed from Fig. 4 that the phase shift approaches 180°as the thermal effect diminishes at high frequencies. The phase shift is also bias current dependent. As discussed in Section 2, this may be explained as a result of the increased thermal effect at higher bias currents from ohmic heating, reducing the overall phase shift when combined with the carrier effect.
The effect of bias current on the phase shift at a modulation frequency of 100 kHz is shown in Fig. 5 for various TEC temperatures. This phase shift as a function of bias current has a significant effect on the recovered signals in the PDM. For a given bias current, the phase shift increases with temperature, suggesting a reduced thermal modulation effect at higher TEC temperatures. This may result from increased heat loss by radiation from the laser diode or from a reduced thermal resistance at higher temperatures.
Correction for Modulation Effects
In this section, we illustrate the use of the PDM for line shape recovery, for the case of CO 2 detection with the DFB-MQW laser described in Section 4. The measurement arrangement is the same as shown in Fig. 1 , with a calibrated mixture of CO 2 and nitrogen used instead of pure nitrogen. A 5 Hz saw-tooth current ramp and a sinusoidal modulation were applied to the laser using the bias-T configuration. The detected gas absorption signal is demodulated using an SR-830 digital lock in amplifier, whose X and Y output channels were displayed on a Tektronix oscilloscope (TDS 3014 B) and recorded via a GPIB interface.
The variations in the WM-IM phase, shown Fig. 5 , need to be considered to ensure accurate recovery of line shapes using the PDM. In this section we show the effect of using a single value of the WM-IM phase using the PDM and how we can use phase walk-off correction to obtain accurate line shapes from the PDM with measurements independent of the lock-in phase.
The effect of phase walk-off on the recovered line shape of a single CO 2 absorption line at 1997.22 nm with PDM is shown in Fig. 6 , for a path length of 6 cm, a temperature of 21°C and a concentration of 100%. Here, the direct line shape profile is compared with the case where has a fixed value, calculated at line center, and where is adjusted with current according to Fig. 5 . The modulation frequency is 200 kHz and modulation index is 0.084. The variation in the magnitude of m across the scan was measured as ∼5% but has a negligible effect on the line shape recovery. As shown, taking into account the phase walk-off provides more accurate recovery of the absorption profile, particularly the width of the line shape. A least-square fitting algorithm was used to obtain concentration and temperature values by comparing the corrected and uncorrected PDM signals to a theoretical model. C for the uncorrected signal were calculated, highlighting the importance of taking into account the modulation phase characteristics of any optical source used in TDLS-WMS applications.
The effect is even more dramatic in Fig. 7 which shows the experimentally recovered line shape of two CO 2 features, as would be necessary for ratio thermometry using a single laser source. The PDM with and without phase correction is used at a modulation frequency of 50 kHz and the modulation index of m $ 0.2. The direct signal, obtained under the same conditions is also shown as a comparison. Where correction is applied the phase shift across the scan is determined from the phase response as in Fig. 5 and the correct phase value is applied to each -point in the PDM computation, as described in equation (6) . Again, for low m-values, changes in the magnitude of m across the scan have a negligible effect on the measured signals. The results in Fig. 7 clearly indicate the need for phase correction and demonstrate that accurate line shape recovery can be achieved through the PDM technique. As ratio thermometry uses the ratio of the peak absorbance of the two features, it is clear that the phase correction is essential if accurate temperature data is to be acquired using the PDM.
For the PDM data shown in Fig. 7 , the orientation of the lock-in amplifier x -axis was aligned with the RAM component. This is achieved by ensuring the y -axis output is on a zero background. In the case of significant phase walk-off the RAM component is never fully isolated on the x -axis, and a projection of the RAM will be present on the y -axis output over the majority of the current scan, thus making alignment impossible.
Use of the analytical procedure described in Section 3.2, where the orientation of the lock-in axes does not require pre-alignment, therefore simplifies the measurement procedure. Fig. 8 shows the results obtained for two different orientations of the axes with phase correction applied, further verifying the advantage of this technique.
Conclusion
A wide variety of laser types are used for WMS and in this work we have reviewed the basic modulation properties of DFB lasers to identify some of the key issues that affect the design and operation of WMS systems. Important features highlighted include the phase walk-off from joule heating and the effect of the carrier contribution on whether the magnitude of the frequency response decreases or increases with modulation frequency. These are important considerations in the choice of modulation frequency. For example, a higher modulation frequency reduces the phase walk-off and may in some cases give a larger wavelength modulation. The physical dimensions of the laser chip are also important in determining the thermal resistance and hence the magnitude of the thermal contribution. The PDM approach has been improved by removing the need to pre-set the orientation of the lock-in axes and we have demonstrated how this approach may be used to correct signals for phase walk-off for the particular case of CO 2 detection with a quantum well laser. Other lasers will exhibit similar features to a greater or lesser extent, depending on the laser type and the magnitude of the current scan, and knowledge of the basic laser parameters along with the simple models outlined in the paper can assist in optimizing the operation of WMS systems.
Appendix Thermal Wavelength Modulation
We first consider a simple 1-D analytical model [29] , [30] based on the laser chip having a thermal capacity C T and a thermal resistance R T to the heat sink which conducts all the heat energy away from the chip. This leads to the simple thermal equation for the laser diode temperature T as
where P el is the electrical power dissipated in the chip, and T 0 is the heat sink temperature. For WMS applications, the forward injection current, i f , supplied to the DFB laser takes the form: i f ¼ I bias þ i m cosð! m tÞ where I bias is the DC bias current, i m is the modulation current amplitude, and ! m is the modulation frequency. The forward diode voltage is approximated by v f ffi V j þ i f r s so the electrical power dissipated in the chip is
where r s the series resistance of the laser chip (obtained from the slope of the VI characteristic), V j is the junction voltage, and P opt is the output optical power given by P opt ¼ Á ðI bias À I th Þ where I th is the threshold current and is the slope efficiency (slope of the optical power versus current characteristic). We assume the laser is above threshold and the spontaneous emission power is neglected. The DC and AC heat generated follows from (A.2) where P DC , A 1 , and A 2 are given by
Substitution of the electrical power from (A.3) into (A.1) and neglecting A 2 gives the temperature change
where th is the thermal time constant given by th ¼ R T C T and the thermal phase lag ' 1 ¼ tan À1 ð! m th Þ. The change in the laser's output wavelength is related to the change in temperature by the temperature tuning coefficient Á=ÁT so that the thermal DC tuning and wavelength modulation are given by
where Á=ÁT ¼ ð l þ n Þ, and l and n are thermal linear expansion and refractive index coefficients, respectively. Typically, Á=ÁT % 0:11 nm= C. The thermal resistance, R T , for onedimensional heat flow from the active layer to the heat sink is given by, R T ¼ d s =kA, where d s is the thickness of the substrate (distance of the active layer from the heat sink), A is the area of the active layer and k is the thermal conductivity ($ 0:68 W/cm K for InP at 300°K). More realistically, the quasi two-dimensional heat flow from an active layer of width w and length l to a heat sink at a distance d s gives a thermal resistance of [29] R T ¼ ln
with typical values of R T % 30 À 50 C/W. To improve on the RC model, we derive below a simple 1-D analytical solution (which reduces to (A.8) at low frequencies) from the heat conduction equation for the temperature of the active layer. We consider the 1-D planar structure shown in Fig. A1 where we assume uniform heat generation from electrical power dissipation P el ðtÞ in the thin active layer of thickness d a , positioned at a distance d s from the heat sink, with a top buffer or confinement layer of thickness d b .
The heat generated in the active layer from equation (A.3) is written in exponential notation as
We assume that the temperature throughout the thin active layer (and over the optical profile) is approximately uniform if d a ( d s and is given by T ss þ T a ðt Þ, where
T ss is the steady-state temperature of the active region, T 0 is the heat sink temperature, and R T is the thermal resistance to the heat sink. For boundary conditions, we assume a fixed temperature of T 0 at x ¼ 0 (heat sink), and we further assume that there is no heat loss from the upper surface so that @T =@x ¼ 0 at x ¼ d . The heat flow out of the active layer, with thermal capacity C a , is represented by H s ðt Þ and H b ðt Þ.
For the upper and lower regions where we assume that no heat generation occurs, the heat conduction equation has the form
which has the following time-varying solutions: where q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi j! m = p , ¼ k =ðC p Þ is the thermal diffusivity, is the density, and C p is the specific heat capacity (typically, $ 4:81 g/cm 3 , C p $ 0:31 J/g , and $ 0:46 cm 2 =s for InP at 300°).
Since heat flow is given by: H ¼ ÀkAð@T =@x Þ, it follows from (A.14) and (A.15) that the heat flow out of the active layer is given by where C a is the thermal capacity of the active layer. The thermal DC tuning and wavelength modulation is then Typically, d s is around three orders of magnitude greater than d a so that ! ca ) ! cs and the first term in the denominator may be neglected for sub-megahertz modulation frequencies.
